In shallow water, any two waves of the same frequency are shown to produce complex patterns of drift velocity above the sea bed. If the longshore components hi, h: of the wave numbers of the two waves are different, these steady flow patterns exhibit a longshore periodicity of wave number (hi --h:) irrespective of whether the waves propagate in the same direction (say hi, he positive) or in opposite directions' (he negative). The interaction of two edge wave modes is examined in detail. The drift velocities are Calculated and a simple sediment transport model is used to predict the beach topography that would be in equilibrium with these flow patterns. As expected, crescentic sand bars are produced by the special case of standing edge waves (hi = --h:). Intriguingly, for all other cases a combination of complex transverse bars plus meandering or straight offshore bars result, patterns that are surprisingly reminiscent of many published descriptions of complex, rhythmic topography. The extension of the model to three or more waves produces topography that appears to be very irregular. Although the pattern should repeat over sufficiently long distances along the beach, even with only three waves these distances may be very large compared to the scale of the bars.
INTRODUCTION
While the ideal beach may be conceived as a smooth expanse of sand stretching indefinitely alongshore, and real beaches do exist that approximate this idealization, many beaches are topographically complex exhibiting a variety of longshore and offshore structure at various length scales. At times the resulting morphology seems completely irregular, but, surprisingly often, there is a strong suggestion Of pattern The purpose of the present paper is to show how a variety of regular longshore patterns may be generated by two waves of the same frequency and then, simply by extending these ideas to three waves, show how a simple deterministic model produces topography that appears very irregular. While the basic ideas of the analysis apply to any type of waves, interest will be focused primarily on edge waves, the wave motions trapped to the shoreline on a sloping beach.
Edge waves appear to play an important role in the generation of several types of beach morphology. One of the attractive features of edge wave models is the explanation of the often observed, regular, longshore periodicities in terms of length scales, the edge wave wavelengths, which have well defined properties. This leads to quantitative hypotheses that have had some success in describing the formation of beach cusps [Guza and lnrnan, 1975; Sallenger, 1979] , large cuspate topography [Dolan et al., 1979] , crescentic sand bars [Bowen and lnrnan, 19711 , and topography related to regularly spaced rip currents [Bowen and.lnman, 1969; Kornar, 1971] . In looking at these examples it is clear that, if a standing wave is regarded as two equal waves propagating in opposite directions, these longshore periodicities arise from the interaction of two modes of the same frequency; a single progressive edge wave will generate only a linear bar system, the number of bars depending on the modal number of the wave [Bowen, 1980] . In the existing literature, interest has largely been concentrated on the rather special case of standing edge waves, but any two modes of the same frequency produce flow patterns or drift velocity patterns that have a regular longshore periodicity. For example, rip currents may be generated by a single, normally incident wave plus a progressive edge wave of the same frequency [Bowen and lnrnan, 1969 ].
While we know that such flow patterns must repeat periodically alongshore, in the general case we do not know the actual shape of the velocity field within each wavelength of the pattern. For standing waves the pattern must be symmetrical without a preferred longshore direction but for two different modes, particularly two modes propagating in the same direction, some longshore skewness in the pattern seems inevitable. The interesting question is whether the formation of a large-scale, quasi-periodic bar system such as that illustrated in Figure 1 can be explained in terms of a simple two wave model. Existing explanations involve offshore bars, cut by rip currents, rotating around to attach to the shoreline [Sonu, 1973] . It would be much more satisfactory to suggest that the mechanics of the formation of these bars is exactly analogous to the formation of crescentic bars but involves waves of different modal numbers. A principal objective of this paper is therefore to look in detail at a whole class of possible interactions between two waves of the same frequency.
In the first section of the paper we examine the general conditions under which waves may perturb the bottom topography, distinguishing those processes that may produce periodic longshore features from those that cannot. Interest is then concentrated on a particular class, the interaction between edge waves, and the drift velocity pattern associated with the occurrence of any two edge wave modes is derived. This defines a steady flow just above the bottom boundary layer. A simple sediment transport model is then used to estimate the new topography that would be in equilibrium with these theoretical drift patterns. The relevance of the model is checked by looking at the formation of crescentic bars by standing edge waves following Bowen and Inman [ 1971] . Results are then derived for the cooccurrence of two different modes propagating in the same direction and in opposite directions. Finally, these ideas are extended to consider the drift velocities occuring when three edge wave modes are simultaneously present.
WAVES, CURRENTS, AND TOPOGRAPHY
The free waves on a plane beach of slope/3 consist of a set of edge waves whose longshore wave number h is given by Ursell [1952] IXl sin (2n + 1)/3 = o2/g (la)
and a set of incident or reflected waves, leaky modes, for which sin a -< oa/g (lb)
For a given frequency tr, there is a finite set of edge waves of different modal numbers n (where n = 0, 1, 2, 3 ß ß ß provided (2n + 1)/3 < ½r/2) and a continuum of leaky modes for which X, in simple geometries such as a plane beach, is determined by the angle of approach in deep water, a. The modulus is necessary as the sign of X indicates the direction of longshore propagation. The wide range of longshore wave numbers given by (la) and (lb) obviously suggests that the cooccurrence of two or more waves with different X but the same frequency is the normal situation. For example, the assumption of angular spread of energy in the incident spectrum leads, from (lb), to a corresponding range of X for the incident waves. Interactions between two waves of the same frequency are therefore likely to be commonplace. However, for the interaction to lead to steady patterns in time or space requires some phase locking between the waves. Such phase locking is implicit in the explanation of rip currents as being generated by the interaction between an edge wave and an incident wave [Bowen lnrnan, 1969] or two incident waves from opposite directions [Dalryrnple, 1975] or, in fact, any two incident waves of the same frequency from different directions. Such phase locking does not have to be perfect, but the phases must not drift totally randomly (as is often assumed in spectral wave theory). If the phases are entirely random, each position alongshore eventually experiences all the possible combinations of the two modes and the longshore variability disappears from the time-averaged conditions. However, this argument leads to the rather encouraging conclusion that, in so far as the phases are not entirely random, contributions to longshore variability will be possible; the phase locking does not have to be perfect. In the subsequent discussion, attention will be concentrated on only the coherent part of the two wave motions. This should bring out the essential physics of the problem and avoid the complication of carrying a set of unknown time integrals of the phases throughout the calculations.
There are at least two important types of interaction between two waves that may have significant morphological consequences. The first is the generation of nearshore currents and rip currents that in turn become the primary mechanism for rearranging the sediment [Bowen and lnman, 1969; Komar, 1971] . Here cross terms between the two waves are found in the radiation stresses; the breaking of the incident waves forces circulation patterns. A second interaction arises in the calculation of the mass transport velocity above the seabed. Again cross products occur leading to the possibility of longshore variability. Drift velocities associated with a single wave, either an incident wave reflected at the shoreline or an edge wave, produce patterns that are uniform in the longshore direction, possibly forming linear bars [Suhayda, 1974; Short, 1975; Bowen, 1980] but not rhythmic topography.
In some cases, particularly the formation of beach cusps, the wave processes have been considered in increasingly elaborate models [Guza and lnman, 1975; Guza and Bowen, 1981 ], but the actual sediment transport mechanism is far from clear. Bowen and lnman [1971] show that the cuspate shoreline features that sometimes match offshore crescentic bars might be explained in terms of the drift velocities associated with a standing edge wave. However, they recognized that the concept of drift velocity relative to some boundary layer must necessarily become meaningless in very shallow water. It seems likely that the differential runup alongshore may be the most significant factor at the In the present paper we will concentrate on a model that uses the drift velocity as the primary input to the sedimentary dynamics. Conditions very close to the shore will not be considered. In principle, the model is applicable to conditions outside a small surf zone and should apply to large scale structures. In practice, the model is not very sensitive to the precise form of the incident wave field and may apply qualitatively to conditions inside a wide surf zone. Here, however, the sediment transport due to drift velocities must compete with that associated with the currents driven by wave-breaking. The relative importance of these two processes in different environments is far from clear. However, the fairly common occurrence of crescentic bars of the general shape predicted by Bowen and lnrnan [1971] suggest that drift velocities frequently play a significant role.
DRIFT VELOCITIES ABOVE THE BOTTOM BOUNDARY

LAYER
In shallow water, close to the shore, the standard linear shallow water equations [Stoker, 1957] The longshore pattern given by (10) and (12) has terms in cos/x and sin/x both multiplied by rather complex functions of •. In general the patterns will not be symmetric about any offshore profile. The particular case of standing edge waves, Xm = -Xr, studied by Bowen and Inrnan [1971] which clearly has to be symmetrical is a rather special case for which the coefficient of sin/x vanishes everywhere.
One wavelength of the drift velocity pattern for the standing wave of mode n = 1, the case rn = 1, r = -1 (or (1, -1) in our notation) is shown in Figure 3a We take fi to be the depth profile which is in equilibrium with the drift velocity associated with the incident waves (hence those two terms cancel in equation (17)), and h' to be the perturbation profile which would be produced by the edge wave drift velocities. Interestingly, longshore slope does not enter into fx since the term, (l10311101/W) dh/dy will be of higher order than other terms. The criterion for the beach to be in equilibrium is that the divergence of the sediment transport is zero everywhere. shows the drift velocity pattern for a mode 1 and mode 2 edge wave propagating in the same direction, the case (1, 2). The periodicity of the motion is evident now on a larger length scale. As the longshore wave number is km --kr, waves propagating in the same direction produce patterns with a longer length scale than the same waves'propagating in opposite directions (Table 1 ). In Figure 6 (left), the nearshore drift velocity is basically offshore out to k = 4.5, although its magnitude varies very noticeably alongshore. Offshore the flow is dominated by a meandering longshore flow, rather reminiscent of the meandering currents described by Sonu [ 1972] . However, this is really the flow just above the boundary layer and only partially reflects the pattern of the flow over the whole water depth. 
Orx
INTERACTION OF THREE OR MORE MODES
More complicated morphologies are produced if more than two modes interact. The perturbation topography is the sum of that generated by each pair of modes taken separately. However, the phase angles become important. While changing 0 in the two mode case simply displaces the pattern alongshore, with more modes the phases determine whether the different modal combinations tend to reinforce one another or tend to cancel. Figure 9 shows the patterns produced separately by the interactions (0, 1), (0, 2), (1, 2) , and finally the sum of all three, with phase angles zero and K = 1. For this case the wavelengths are simply related, the wavelength given by (1, 2) is exactly five wavelengths of (0, 1) and six of (0, 2) ( Table 1 ). The pattern shown by (0, 1, 2) in Figure 9 will therefore repeat alongshore with the wavelength of (1, 2) interaction. However, the pattern shown by the (0, 1, 2) interaction seems very irregular at scales appropriate to (0, 1) and (0, 2). As can be seen from Table 1 (1, 2) . The triple interaction is just the average of its constituents.
that the irregularity of the pattern at the small scale will be much more apparent than the repetition at long intervals alongshore. Patterns involving more than three modes became increasingly complex although many repeat quite simply, (-0, 0, 1, 2) also repeats exactly the (1, 2) wavelength.
OFFSHORE BARS
For the higher wave modes, zeros in up exist offshore and give rise to the possibility of multiple bars, either crescentic, meandering, or linear. The present model does not resolve these structures at all well. This seems to be inevitable if the original beach slope is assumed to be plane. The drift velocity solutions die away rapidly offshore, and reasonable perturbations at the location of the offshore bars would be accompanied by very large changes indeed in the inshore bar. Scale analysis [Bowen, 1980] suggests that this problem would not arise so severely on the concave profile more typical of actual beaches; the perturbations in the slope due to the drift velocity patterns would be compared to a much steeper local slope near the shore and a gentler slope
offshore.
An intriguing result of the present model is the generation of morphology, which is periodic alongshore near the shore but linear offshore. This occurs when one of the waves has a relatively short offshore lengthscale. For example, a mode 1 and mode 3 edge wave interact to produce a welded bar system inshore, but offshore the mode 3 is dominant ( Figure  2 ) and the morphology would be almost that produced by the mode 3 alone. In general, modes of adjacent modal numbers are not sufficiently different in offshore scale that the longshore periodicity will disappear altogether. However, if a mode 2 interacts with a mode 1 wave of considerably smaller amplitude, the offshore structure might be dominated by the effects of the mode 2 wave.
These results are not evident in the figures. To resolve the offshore bars adequately we would need a numerical model for calculating the drift velocities on any specified topography. The plane beach solutions represent only a first step; the primary interest here is to indicate the general principles involved in the generation of topography by different modes of the same frequency and to sketch some of the possible morphologies that might result.
RESIDUAL TRANSPORT
The perturbation topography fil is generated by an equilibrium model that assumes that the beach has adjusted completely to the imposed velocity field. However, the sediment transport does not vanish everywhere. The condition for no further accumulation or erosion is that the divergence of the transport vector V'is is zero, equation (18). Patterns of sediment transport exist over the new topography in essentially two forms, longshore transport down the beach and closed circulation of sediment within a local area. Longshore transport is produced by a single wave and is consequently pronounced when two modes propagate in the same direction. This is suggested in the drift velocity patterns in Figure  6 (left). However, as the primary balance in the topographic model is between the transport due to drift velocity and the gravitational effects of the bottom slope, the transport up and down the slope is everywhere almost in equilibrium. The unbalanced part of the transport, the residual transport, therefore tends to run along depth contours, perpendicular to the slope.
When there is no net longshore transport, the transport patterns are weaker but still nonzero. Usually, the problem is less well defined, and the phase relations are not known. When we speak of the amplitude or phase in an interaction we are referring only to the coherent part of the motion. The relative magnitude of the coherence provides another factor in the balance between the generation of periodic features as opposed to linear features. The longshore periodicity depends on the coherent motion; two modes of random phase produce a set of linear bars.
The analysis in this paper is based on linear wave theory for a plane beach. We ignore the effects of the changes in the beach profile on both the edge waves and incident waves. In reality, as the bars grow they will increasingly influence the velocity field. The detailed structure of the bar must result in part from these late interactions and we would not expect the present model to predict exactly the structure seen in Figure  1 . However, we can suggest that the general pattern of the bars is very reminiscent of the mature bars seen in nature (Figures 1, 12 ) and advance the hypothesis that the major features of such systems, the wavelength, the location of the major depositional features, and major troughs, are determined by the interaction of two wave modes of the same frequencies. The analogy to crescentic bars is complete, and the idea that major bar systems may be generated by two edge waves is extended to include these skewed bars of various aspect ratios.
Although the model makes quantitative predictions of the relative scales of the bars, the existence of a large number of possible modes leads to a very large selection of possible length scales for each frequency (Table 1) if they are of roughly the same amplitude. The inshore bar tends to appear as a welded bar, its aspect ratio being a function of the two modes involved).
The extension of these ideas to three or more modes produces deterministic but apparently irregular topography alongshore if the waves are coherent. Any random fluctuation in phase will encourage the formation of linear bars; they will, in a sense, make the system appear more regular. The discussion of bar formation does not introduce any physics that depends on the bars amplitude. In practice, this would change the velocity field of both the incoming and edge waves, but this has not been taken into account in the first order solution. However, the way in which the bar is perceived on the profile is very much a function of the amplitude both in terms of the position of the bar and the definition of a bar. At low amplitude the bar looks exactly like a terrace, perhaps the classical 'low tide' terrace. Nomenclature is also interesting for the channel inside the welded bar, particularly obvious in Figures 6 (right) and 7. This is a classical rip channel. There is no doubt that a rip current would flow in this channel, but it is clearly not necessarily the causal mechanism. To look at the sedimentary patterns in a more or less objective way, it is necessary to introduce a number of assumptions about the form of the sediment transport. It is important to emphasize that the general trend of the results does not depend on the precise form of these assumptions. Given these drift velocity patterns, interesting rhythmic topography will be generated by any reasonable model. The interesting point is that some of these patterns look familiar.
